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I f o n e fo llo w s in t h e fo o t s t e p s o f N e w -
t o n , a` lm o s t a ll' r o a d s le a d t o R o m e ( o r
is it L o n d o n ? ) .
Z e r o in g in
If o n e w a n ts to so lv e th e n o n lin e a r e q u a tio n f (x ) = 0
fo r a n` ice ' (i.e., c o n tin u o u sly d i® e re n tia b le ) fu n ctio n f :
R d ! R d , a n o ld fa v o u rite is th e N e w to n (o r N e w to n {
R a p h so n ) m e th o d .1 L e ttin g D f (x ) = [[ @ f i@ x j (x )]] d e n o te
th e J a co b ia n m a trix o f f , th e m e th o d c a n b e d escrib e d
a s fo llo w s: If o n e m o v e d fro m x 0 2 R d to a n` e a rb y '
x 1 2 R d , w h e re f (x 1 ) = 0 , th e n f (x 1 ) a p p ro x im a te ly
e q u a ls f (x 0 ) + D f (x 0 )(x 1 ¡ x 0 ). T h en x 1 a p p ro x im a te ly
e q u a ls x 0 ¡ D f (x 0 )¡ 1 f (x 0 ) (a ssu m in g , o f c o u rse , th a t
th e in v erse e x ists). T h is su g g ests th e ite ra tio n
x n + 1 = x n ¡ D f (x n )¡ 1 f (x n );
w h ich is th e N e w to n { R a p h so n sch e m e. W h a t o n e is re -
a lly d o in g a t step n is to so lv e exa ctly th e l`in e a riz ed '
e q u a tio n f n (x ) = 0 to ¯ n d x n + 1 , w h ere f n is th e lin -
e a r a p p ro x im a tio n to f a t x n g iv en b y f n (x ) = f (x n ) +
D f (x n )(x ¡ x n ). F igu re 1 sh o w s w h a t h a p p e n s in a o n e
d im e n sio n a l ex a m p le.
B u t is th is e x a m p le re p re se n ta tiv e? C o n sid er fo r e x a m -
p le th e situ a tio n in F igu re 2 , w h ere th e ite ra tio n s w ill
k e e p o sc illa tin g . T h u s c o n v e rg e n c e to a z e ro o f f is c e r-
ta in ly n o t g u a ra n tee d in g e n era l. B u t th e n , is F igu re 2
ty p ic a l? O n e ca n 't h e lp su sp ec tin g th a t it is t`a ilo red ' to
c o n fu se th e a lg o rith m , so p e rh a p s fo r m o st f a n d m o st
in itia l c o n d itio n s it w ill still w o rk .
O u r a im h ere is to p re se n t o n e re su lt th a t c o n ¯ rm s th is
in tu itio n , a lb e it fo r th e c o n tin u o u s tim e c o u n te rp a rt o f
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th e a b o v e sch e m e . T o a rriv e a t th is, c o n sid er th e v a ria -
tio n
x n + 1 = x n ¡ a D f (x n )¡ 1 f (x n ); (1 )
fo r a sm a ll a > 0 . T h is i`n c re m e n ta l' v e rsio n is a lre a d y
a n im p ro v e m e n t o v e r th e o rig in a l sch em e in m o st sit-
u a tio n s b e c a u se it b u y s a m o re g ra ce fu l b e h a v io u r o f
th e a lg o rith m a t th e e x p e n se o f its sp e ed . D iv id in g th e
a b o v e e q u a tio n th ro u g h b y a a n d lettin g a # 0 , w e g e t
_x (t) = h (x (t))
¢
= ¡ D f (x (t))¡ 1 f (x (t)): (2 )
T h is is th e co n tin u o u s tim e N ew to n sch e m e w e sh a ll
w o rk w ith . A lte rn a tiv e ly , o n e m a y v ie w (1 ) a s a d is-
f (x)
x2 x1 x0
x
Figure 1.
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x
Figure 2.
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c retiza tio n o r E` u le r sch e m e ' fo r a p p ro x im a te so lu tio n
o f th e o .d .e. (2 ) o n a c o m p u ter. (S e e F igu re 3 fo r a
sch em a tic w h ere th e so lid lin e is a p ie c e w ise lin e a r in -
te rp o la tio n o f (1 ) a n d th e b ro k e n lin e is a tra je c to ry o f
(2 ).)
T o w in g t h e L in e
L e t E = f x : f (x ) = 0 g b e b o u n d ed . W e sh a ll c o n sid e r
a b o u n d e d d o m a in D c o n ta in in g E in its in te rio r a n d
w ith a sm o o th b o u n d a ry @ D sa tisfy in g : fo r a ll x 2 @ D ,
D f (x ) is fu ll ra n k , a n d h (x ) is p o in tin g in w a rd s (see
F igu re 4 ). S et ¹D = D
S
@ D .
L e t S = f x : jjx jj = 1 g d e n o te th e u n it sp h e re a n d d e¯ n e
g : ¹D ¡ E ! S b y g (x ) = f (x )jjf (x )jj. L e t y = f (x 0 ) 2 S fo r
so m e x 0 2 @ D b e a p o in t su ch th a t fo r a n y x w ith y =
g (x ), D g (x ) is fu ll ra n k . (S u ch a y is sa id to b e regu la r.)
C o n sid er th e set C = f x 2 ¹D ¡ E : g (x ) = y g . F o r a n y
p o in t p in C , sin c e D g (p ) is fu ll ra n k , g (x ) = y is a se t
o f (d ¡ 1 ) in d ep e n d en t c o n stra in ts in a n e ig h b o u rh o o d
o f p . (R ec a ll th a t S is a (d ¡ 1 )¡ d im en sio n a l o b je c t.)
T h u s o n e ex p ec ts C to b e a o n e d im e n sio n a l c u rv e in a
n e ig h b o u rh o o d o f p , ex te n d in g o n e ith er sid e o f p . T h a t
th is is in d e ed so is g u a ra n te ed b y th e c eleb ra te d im p licit
fu n ctio n th eo rem (IF T ) o f a d v a n c ed ca lc u lu s. W e c a n
th e n p a tch u p th e se o n e d im en sio n a l p iec e s a n d c la im
th a t C is a u n io n o f o n e d im e n sio n a l c u rv e s. W e sh a ll
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fo cu s o n th e o n e th a t sta rts a t x 0 . O n ce a g a in , th e
IF T a llo w s u s to e lim in a te so m e p o ten tia l p a th o lo g ies.
F o r e x a m p le , th is c u rv e ca n n o t in te rse c t itse lf a g a in (o r
c o m e a rb itra rily c lo se to itself) a t so m e p o in t p o n it,
b e c a u se IF T a p p lied a t p g u a ra n te es u s th a t th e p a tch
o f C a ro u n d p is a d e ce n t sta n d a lo n e o n e d im e n sio n a l
c u rv e . S im ila rly, th e c u rv e c a n n o t en d a b ru p tly a t so m e
p o in t p in th e in terio r o f ¹D ¡ E , b e ca u se IF T a p p lie d a t
p tells u s th a t w e c a n ex te n d it a b it fu rth e r. T h u s th is
c u rv e c a n e ith er en d u p in E o r b a ck in @ D .
W e sh a ll n o w sh o w th a t th is c u rv e is in fa ct a tra jec to ry
o f th e c o n tin u o u s tim e N e w to n sch em e d e sc rib e d a b o v e
a n d w ill in d e e d e n d u p in E , a s o n e h o p e s it w o u ld .
T h e p ro o f o f th e ¯ rst c la im is a n e x e rc ise in c a lc u lu s.
P a ra m e triz e th e cu rv e a s x (t); t ¸ 0 , w ith x (0 ) = x 0 .
T h e n g (x (t)) = y . D i® e re n tia tin g w .r.t. t,
d
d t
g (x (t)) =
d
d t
(
f (x (t))
jjf (x (t))jj) = 0 :
T h e re a d e r is in v ite d to w o rk th is th ro u g h a n d sh o w th a t
it red u ce s to
(I ¡ y y T )D f (x (t)) _x (t) = 0 ;
w h e re I is th e id en tity m a trix . T h u s b y e le m en ta ry
lin e a r a lg e b ra , D f (x (t)) _x (t) = ¯ (t)y fo r so m e sc a la r
¯ (t). S e ttin g ® (t) = ¯ (t)jjf (x (t))jj, w e h a v e D f (x (t)) _x (t) =
® (t)f (x (t)). S in c e D f (x (t)) is n o n sin g u la r, ® (t) 6= 0
a n d th u s d o e s n o t ch a n g e sig n a s t v a rie s. A lso ,
_x (t) = ® (t)D f (x (t))¡ 1 f (x (t)) = ¡ ® (t)h (x (t)):
S in ce h (x 0 ) is d irec te d in w a rd s a t x 0 , ® (0 ) < 0 , h e n ce
® (t) < 0 fo r a ll t. L e ttin g ° (t) = ¡ ® (t), w e co n c lu d e
th a t x (¢) is in fa c t a tra jec to ry o f th e d i® e ren tia l e q u a -
tio n
_x (t) = ° (t)h (x (t)):
IFT applied at p
guarantees us that
the patch of C
around p is a
decent stand alone
one dimensional
curve.
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B u t th e n it is a lso a tra je cto ry o f th e c o n tin u o u s N ew to n
sch em e
_x (t) = h (x (t)):
T h is is b ec a u se p u ttin g a p o sitiv e sc a la r v a lu e d fu n c tio n
° (¢) u p fro n t o n th e rig h t h a n d sid e o f a d i® ere n tia l e q u a -
tio n d o e s n o t ch a n g e its tra je c to ries, it o n ly ch a n g e s th e
speed w ith w h ich it m o v e s a lo n g th e tra je c to rie s.
H a v in g e sta b lish e d th a t w e a re in d e e d m o v in g d o w n a
tra je cto ry o f th e a lg o rith m , it re m a in s to sh o w th a t it
e n d s u p in E . If n o t, o u r e a rlie r re m a rk s im p ly th a t it
m u st e n d u p b a ck in @ D . B u t fo llo w in g th e o rie n ta tio n
o f h (x (t)) a lo n g x (t) b e g in n in g w ith i`n w a rd s ' a t x 0 , w e
¯ n d th a t it m u st b e o` u tw a rd s ' a t th e p o in t w h ere it
h its @ D a g a in , a c o n tra d ic tio n . (S ee F igu re 4 .) T h u s
x (t) m u st c o n v erg e to E , th e d e sire d so lu tio n se t.
M e a s u r e fo r M e a s u r e
C a n w e d o th is fo r a ll p o ssib le x 0 ? W ell, w e a lm o st c a n ,
a s w e a rg u e n e x t. N o te th a t th e o n ly se rio u s re stric tio n
w e slip p e d in w a s th a t y b e re g u la r. B y a w e ll-k n o w n
th e o re m d u e to S a rd , su ch p o in ts h a v e fu ll m e a su re in
Figure 4.
h (–)
By Sard’s theorem,
the set of points
which are not
regular has zero
volume in S.
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S . In o th e r w o rd s, th e se t ¤ o f p o in ts w h ich a re n o t
re g u la r (i.e., a re sin gu la r ) h a s z e ro v` o lu m e ' in S . (F o r
th o se u n fa m ilia r w ith m ea su re th eo ry, a p o in t (re sp ., a
lin e , a p la n e ) h a s z ero v o lu m e in a lin e (resp ., a p la n e ,
th e th re e d im e n sio n a l sp a c e).)
N o w let g 0 : @ D ! S d e n o te th e re stric tio n o f g to @ D .
F ro m o u r a ssu m p tio n th a t D f b e n o n sin g u la r a t p o in ts
o f @ D a n d th e fa ct th a t h = ¡ (D f )¡ 1 f is tra n sv e rsa l
(i.e ., n o t ta n g e n tia l) to @ D , it fo llo w s th a t g 0 is n` o n sin -
g u la r' in a n e ig h b o u rh o o d o f a n y p o in t o f @ D in th e se n se
th a t it w ill m a p a se t o f p o sitiv e (d ¡ 1 )¡ d im e n sio n a l
v o lu m e in @ D to a se t o f p o sitiv e (d ¡ 1 )¡ d im e n sio n a l
v o lu m e in S . T h u s th e se t o f p o in ts in @ D th a t g e t
m a p p ed in to ¤ m u st h a v e ze ro v o lu m e in @ D . T h u s fo r
a` lm o st a ll' x 0 in @ D , th e a lg o rith m ta k e s u s to E .
I h a v e a v o id e d th e tick lish issu e o f d e ¯ n in g th e v` o lu m e '
in S o r @ D . S u ± c e to sa y th a t fo r n` ice ' m a n ifo ld s, th ere
w ill b e a n a tu ra l re c ip e to d o th is (e .g ., th in k o f th e su r-
fa c e a re a o n a th ree d im en sio n a l sp h ere ). A lso , th ere
is co n sid era b le ° e x ib ility p e rm itte d h e re b ec a u se o f th e
fa c t th a t w e d o n 't c a re w h a t n u m e rica l v a lu e s o u r d e ¯ n -
itio n o f v o lu m e a ssig n s to sets o f p o sitiv e v o lu m e a s lo n g
a s it is cle a r w h a t th e sets o f z e ro v o lu m e ( m` ea su re ')
a re .
T o c o n c lu d e, w h a t I h a v e a tte m p te d h ere is a b o w d le r-
ize d v e rsio n o f [2 ]. T h e w o rd b`o w d lerize ' co m e s fro m
T h o m a s B o w d le r, a n A m e ric a n g en tlem a n w h o c a m e u p
w ith a v e rsio n o f S h a k esp e a re in w h ich h e e lim in a ted a ll
fo u r lette r w o rd s2 so a s to re n d e r it su ita b le fo r re a d in g
in d` e c en t h o u se h o ld s'! I h a v e lik ew ise e lim in a ted fo u r-
te en le tter w o rd s lik e d i® eo m o rp h ism , b u t in e sse n c e it
is th e sa m e tre a tm e n t a s th a t o f [2 ].
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